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$\mathrm{H}$ Hilbert $x_{1},$ $x_{2},$ $\ldots$ ( $\{e_{1}, e_{2}, \ldots\}$








$H$ Schatten class ( )
$G$ $\zeta-$ $\zeta(G, s)=trG^{s}$
$\{H, G\}$ $H$ $G$
$H$ compact $M$ Hilbert $G$
( ) $D$
$.H$ $M$ $D$ spectre
$\zeta(G, s)$ $\{H, G\}$
$H$ $\nu=((G, 0)$ $M$ $((G, s)$
d cube $detG=\exp(\zeta’(G, 0))$
( Laplacian : $\triangle$ : $H$
Laplacian $H$




$-((G, -d)$ $\{H, G\}$
${\rm Res}_{s=d}\zeta(G, s)$
${\rm Res}_{s=d}\zeta(G, s)$ $\{H, G\}$
$H$ $G$
$J\mathrm{s}e_{1},$ $e_{2},$ $\ldots$ ; $Ge_{n}=\mu_{n}e_{n}$ $x= \sum x_{n}e_{n}$
$\lim_{narrow\infty}\mu_{n}^{-d/2}x_{n}=t\in \mathbb{R}$,
$x$ $x$ $H$ $G$ W-k $k>0$
$\theta_{1,k},$ $\theta_{2,k},$
$\ldots$
$t\neq 0$ $\lim_{karrow 0}\theta_{n,k}=\pi/2$ $k=0$ [ (
) ${\rm Res}_{s=d}\zeta(G, s)=c\neq 0$
$\theta_{n,k}=\frac{\pi}{2}-\sqrt{\frac{c}{2}}\frac{x_{n}}{|t|}\sqrt{k}+o(\sqrt{k})$ ,









$H$ ( ) Schatten class
$G$ $\zeta(G, s)=tr(G^{s})$ $s=0$
$\{H, G\}$ ([2])
$H=L^{2}(X, E),$ $X$
( ) $E$ $G$
106
( ) ([1], [12].
[16] , $\zeta(G, s)=tr(G^{s})$
$((D, s)= \sum\lambda_{n}^{-s}$ $((G, s)$ )
$\{H, G\}$ $X$ $D$ $H$
1. $\nu=\zeta(G, 0):H$
2. $\zeta(G, s)$ $d$ : $X$




$H^{-}$ (finite) $H$ $\nu$ $G$
detG $G$











$\{H, G\}$ Connes spectral triple(A, $H,$ $D$ ) $([10], [11])$
( $G$ $D$ ) $\text{ }A$ $B(H)$ $H$
$A=A(G)=\{T\in B(H)|[T, G]\in I_{d}\}$ ,
\vee ‘ $I_{d}$ $d$-Schatten ideal $(\zeta(G, s)$





$H$ $\{e_{1}, e_{2}, \ldots\}$ $G$ $e_{n},$ $Ge_{n}=\mu_{n}e_{n}$ ,
( $\mu_{n}$ $\mu_{1}\geq\mu_{2}\geq\ldots>0$ ) $H$
$||x||_{k}=||G^{-k}x||$ , $G^{-k}x= \sum\mu_{n}^{-k}(x, e_{n})e_{n}$ ,
$((x, y)$ $H$ ) $W^{k}$
$H$ $k$ $k$- $W^{k}$
$\{H, G\}$
$\{W^{k}, -\infty<k<\infty\}$ $G$
$W^{k}$ $\{e_{1}^{k}, e_{2}^{k}, \ldots\},$ $e_{n}^{k}=\mu_{n}^{k}$
Laplacian $\triangle(k)=\sum\mu_{n}^{2k_{\frac{\partial^{2}}{\partial x_{n}^{2}}}}$ Laplacian : $\triangle$ :
: $\triangle$ : $f=\triangle(s)f|_{s=0}$ ,
-E $H$ $f$ $(G^{s}f)(x)=f(G^{s}x)$
$\{H, G\}$ $D$ : $D$ :
: $D$ : $f=G^{-s}DG^{s}f|_{s=0}$ ,
$G^{s}x= \sum\mu_{n}^{s}(x, e_{n})e_{n}$
$\frac{\partial G^{s}f}{\partial x_{n}}=\mu_{n}^{s}G^{s}(\frac{\partial f}{\partial x_{n}})$ ,
$\triangle$
$x_{n}$ $H$ $\{e_{n}\}$ $H$
($x= \sum$ xne\tilde
$D= \sum A_{i_{1}},\ldots$ , $i_{m^{\frac{\partial^{i_{1}+\cdots+i_{m}}}{\partial x_{1}^{i_{1}}\cdots\partial x_{m}^{i_{m}}}}}$
: $D$ : $f= \sum\mu_{1}^{i_{1}s}\cdots\mu_{m}^{i_{m}s}A_{i_{1},\ldots,i_{m}}\frac{\partial^{i_{1}+\cdots i_{m}}}{\partial x_{1}^{i_{1}}\cdots\partial x_{m}^{i_{m}}}f|_{s=0}$,
$D$ ’ﬄ : $D$ :
$D$
$r(x)=||x||$ $\frac{\partial^{2}r}{\partial x_{n}^{2}}=1/r-x_{n}^{2}/r^{3}$




: $\triangle$ : $r^{p}=p(p+\nu-2)r^{p-2}$ ,
$\nu$ $H$
: $\triangle$ : $r^{2-\nu}=0$ ,
$\nu$ ( ) $r^{2-\nu}$ $C^{2}-$
class $C^{\infty}$ -class ( $|_{\sqrt}\mathrm{a}$ : $\triangle$ : ( hypoelliptic |$\sqrt$ ‘
: $\triangle$ :
$f(x)= \sum x_{n}^{3}$ $\triangle(s)f=\sum 6\mu_{n}^{2s}x_{n}$ $x= \sum\mu_{n}^{d}e_{n}$
$(\triangle(s)f)(x)=\zeta(G, 2s+d)$ ,
$\lim_{sarrow+0}\triangle f$ $x$ $f$
: $\triangle$ : $f$
$G$
$G$ Dirac
$G$ $\eta$ $\eta(G, s)=\sum \mathrm{s}\mathrm{g}\mathrm{r}1(\mu_{n})|\mu \mathrm{J}^{s}$
$\zeta(|G|, s)$ ([1], [12], [16] )
$\zeta(G^{\pm}, s)=\frac{\zeta(|G|,s)\pm\eta(G,s)}{2}$ ,
$\nu\pm=\zeta(G^{\pm}, 0)$ , ( $[3]_{\text{ }}$ [14] )
$\nu$
$-\nu$ $C^{2}$ -class : $\triangle$ : $H$ (
) $H$ : $d^{\infty}x$ :
H $\nu$- $r^{2-\nu}$ : $d^{\infty}x$ :
$\nu$ 2- 0 $(\infty-p)$- ([2]) $\mathrm{a}$
$dr\wedge d\omega=r$ : $d^{\infty}x$ : $(\infty-1)$- $\omega$
$\omega$ $=$ $\sum_{i=1}^{\infty}(-1)^{i-1}d^{\infty-\{i\}_{X}}$ ,





$d\omega(s)|_{s=0}=\nu$ : $d^{\infty}x:$ , $d(r^{-\nu}\omega(s))|_{s=0}=0$ ,
: $d^{\infty}x(s)$ : $($detG$)^{-s}$ : $d^{\infty}x$ :
$d||x||_{s}\wedge d\omega(s)=:d^{\infty}x(s):$ ,
: $\triangle$ : [ $\mathrm{A}$ ‘ Poisson [ $r^{2-\nu}$ : $d^{\infty}x(s)$ :
} : $d^{\infty}x(s)$ : : $d^{\infty}x$ : $($detG$)^{-s}$ $\mathrm{A}$ $\mathrm{a}$
$H$
([2] )
} $(\infty-p)$- $d^{\infty-I}x,$ $I=\{i_{1}, \ldots, i_{p}\},$ $|I|=$
$p$ ,













$x_{1}=r\cos\theta_{1},$ $x_{2}=r\sin\theta_{1}\cos\theta_{2},$ $\ldots$ ,
$x_{n}=r\sin\theta_{1}\cdots\sin\theta_{n-1}\cos\theta_{n},$
$\ldots$ ,










$y=rt_{\infty}\cos\phi$ , $z=rt_{\infty}\sin\phi$ , $r\in \mathbb{R}^{+}$ ,
$H$ $H\oplus \mathbb{R}^{2}$
[7] t
(t $H\oplus \mathbb{R}^{+}$ )
Greenwich meridian $H$
$t_{\infty}$ ( $\theta_{1},$ $\theta_{2},$ $\ldots$ )
$r_{1}=r,$ $rk=\sqrt{\sum_{n\geq k}x_{n}^{2}}$
$\sin\theta_{k}=\frac{r_{k+1}}{r_{k}},$ $\cos\theta_{k}=\frac{x_{k}}{r_{k}},$
$r_{k}^{2}=r2\sin 2\theta_{1}\cdots\sin 2\theta_{k-1}$ ,
$\frac{\partial r}{\partial x_{n}}$ $=$ $\frac{x_{n}}{r}$ , $\frac{\partial^{2}r}{\partial x_{n}^{2}}=\frac{1}{r}-\frac{x_{n}^{2}}{r^{3}}$ ,
$\frac{\partial\theta_{n}}{\partial x_{n}}$ $=$ $- \frac{r_{n+1}}{x_{n}^{2}}$ , $\frac{\partial^{2}\theta_{n}}{\partial x_{n}^{2}}-\frac{2x_{n}x_{n+1}}{r^{4}}$ ,
$\frac{\partial\theta_{m}}{\partial x_{n}}$ $=$ $\frac{x_{m}x_{n}}{r_{m}^{2}r^{m+1}}$ ,












$t_{\infty}= \lim_{narrow\infty}\sin\theta_{1}\cdots\sin\theta_{n}$ , (1)
t




$\ovalbox{\tt\small REJECT}$ $\theta_{n}=0,$ $\pi$ $\nu$
$a_{n}$ [ $\mathrm{I}\mathrm{J}$ $l_{n},$ $l_{0}\geq l_{1}\geq\ldots\geq 0$
$a_{n}=l_{n}(l_{n}+\nu-n-2)$ , (3)
[ $l_{0}=l$








$\mathrm{t}_{\sqrt}\backslash$ $T_{n}(\omega_{n})=(1-\omega_{n}^{2})^{s}f_{n}(\omega_{n}),$ $s=- \frac{l_{n}+\nu-n-2}{2}$ , or $\frac{l_{n}}{2}$ ,















$1-\nu-2l_{n}\geq 0$ $\neq 0$ $T_{n}$
$\int_{0}^{\pi/2}(\sin x)^{n+1-\nu-2l_{n}}dx=B(\frac{n+1-\nu}{2}-l_{n}, \frac{1}{2})=O(\frac{1}{\sqrt{n}})$ ,













$\triangle[\nu]$ $=$ $\triangle[\mu]+\frac{\nu-\mu}{r}K$ , (4)
$K$ $=$ $\frac{\partial}{\partial r}+\frac{1}{r}\sum_{n=1}^{\infty}\frac{\cos\theta_{n}}{\sin^{2}\theta_{1}\cdots\sin^{2}\theta_{n-1}\sin\theta_{n}}\frac{\partial}{\partial\theta_{n}}$ (5)
$\triangle[\nu]f$ ( $\nu$ )
$Kf=0$
$K$ 1 $Kf=0$ $K$
$K$






$x_{n}=$ , $n\geq 1,$ $x_{\infty}=\sqrt{(t+||x||)^{2}-||x||^{2}},$ $t\geq$. $0$ ,
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$H\oplus \mathbb{R}"\ovalbox{\tt\small REJECT}\{(x, x_{\infty})\ovalbox{\tt\small REJECT}arrow H, x_{\infty}\in \mathbb{R}"\}$ $K$ $xarrow H$
$x(t)=x,$ $x\in H,$ $x_{\infty}=\sqrt{(t+||x||)^{2}-||x||^{2}},$ $t\geq 0$ . (6)
$H$ x\infty =rt
H\oplus R
( ) $f$ $Kf=0$ $f$ x
2.
Laplacian t
$f|_{x_{n}=-\mu_{n}^{d/2}}=f|_{x_{n}=\mu_{n}^{d/2}}$ , $\frac{\partial f}{\partial x_{n}}|_{x_{n}=-\mu_{n}^{d/2}}=\frac{\partial f}{\partial x_{n}}|_{x_{n}=\mu_{n}^{d/2}}$ , (7)
$\mathrm{e}=\sum\mu_{n}^{d/2}e_{n}$ $H$
$H$
$H^{-}$ (finite)={ $\sum x_{n}e_{n}|\lim\mu_{n}^{-d/2}x_{n}$ exists}, (8)
$([4],[8])_{\text{ }}H^{-}$ (finite)
$H^{-}= \bigcap_{l<0}W^{l}$
$H^{-}$ $W^{l}$ ; $l<0$
$H^{-}$ (finite) $=$ $H^{-}(0)$ $\oplus \mathbb{R}\mathrm{e}$, (9)
$H^{-}(0)$ $=$ $\{\sum x_{n}e_{n}|\lim\mu_{n}^{-d/2}x_{n}=0\}$ , (10)
$H^{-}(0)$ $H$ $H$ $e_{n}=$
$\sqrt{\frac{2}{\pi}}\sin nx,$ $n=1,2,$ $\ldots$ $( \mu_{n}=\frac{1}{n^{2}} d=\frac{1}{2})$
$\sum_{n\geq 2}\frac{\mathrm{l}}{\sqrt{n1\mathrm{o}\mathrm{g}n}}\in H^{-}(0)$ , $\not\in H$, $\sum\frac{1}{n}e_{n^{2}}\in H$ , $\not\in H^{-}(0)$
$H$ $H^{-}(0)$
$H^{-}$ (finite) $H^{-}$ $H^{-}(0)$ (
$H^{-}$ ) $\mathbb{R}$
$\mathbb{R}\mathrm{e}$ determinant bundle ([4], [8])
115
(7) $H^{-}(\ovalbox{\tt\small REJECT} nite)$ $H^{-}(0)$ $\mathbb{Z}^{\otimes},$ $\mathbb{Z}^{\otimes}$
$\overline{\mathbb{Z}\infty}$
$=$ { $\sum 2m_{n}\mu_{n}^{d/2}e_{n}|m_{n}\in \mathbb{Z},$ $m_{n}=m_{\infty}$ , for $n$ is large },
$\mathbb{Z}^{\infty}$ $=$ { $\sum 2m_{n}\mu_{n}^{d/2}e_{n}|m_{n}\in \mathbb{Z},$ $m_{n}=0$ , for $n$ is large}
$\overline{\mathbb{Z}^{\infty}}=\mathbb{Z}^{\infty}\oplus \mathbb{Z}$ ,
(7) $H$ $\mathbb{Z}^{\infty}$
: $\triangle$ : (7) $\prod f_{n}(x_{n})$
$f_{n}$ $\mu_{n}^{2s}\frac{d^{2}}{dx_{n}^{2}}$ \emptyset
$f_{n}(-\mu_{n}^{d/2})=f_{n}(\mu_{n}^{d/2})$ , $\frac{df_{n}}{dx_{n}}(-\mu_{n}^{d/2})=\frac{df_{n}}{dx_{n}}(\mu_{n}^{d/2})$ ,
$s=0$
$f_{n}=A\cos(m_{n}\mu_{n}^{-d/2}\pi x_{n})+B\cos(m_{n}\mu_{n}^{-d/2}\pi x_{n}),$ $m_{n}\in \mathbb{Z}$ ,
$\sum m_{n}\mu_{n}^{-d/2}\pi x_{n}e_{n}\in H^{-}$ (finite) $\sum x_{n}e_{n}\in H^{-}$ (finite)
$\{m_{1}, m_{2}, \ldots \}$
$m_{n}=m_{n+1}=\cdots=m_{\infty}$ , ( )




( $G$ ( )
)
: $\triangle$ : $f=-(m_{\infty}^{2} \zeta(G, -d)+\sum(m_{n}^{2}-m_{\infty}^{2})\mu_{n}^{-d})f$, (12)
$\sum(m_{n}^{2}-m_{\infty}^{2})\mu_{n}^{-d}$
$m_{\infty}=0$ $f$ Laplacian (
) $- \sum m_{n}^{2}\mu_{n}^{-d}$ ( ) Laplacian
$m_{\infty}\neq 0$ $m_{\infty}^{2}\zeta(G, -d)$
f} $H^{-}(0)$
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$f_{n}$ cos(m \mu n-d/2\pi xn)
0 : $\triangle$ : (7)
$\mathbb{R}\mathrm{e}$
$f_{n}(x\text{ })=\mathrm{s}.\mathrm{n}(m_{n}\mu_{n}^{-d/2}\pi x_{n})$ $f_{n}(x_{n})=\cos(m_{n}\mu_{n}^{-d/2}\pi x_{n})$
$x= \sum$ $xne\text{ }\in H^{-}$ (finite) $\prod f_{n}(x_{n})\neq 0$ $f_{n}$
$|_{\sqrt}\mathrm{a}$ s.n(mn\mu n-d/2\pi \rightarrow cos(mn\mu n-d/2\pi \rightarrow
: $\triangle$ : (7) $\overline{\mathbb{Z}^{\infty}}$
$(m_{1}, m_{2}, \ldots, m_{\infty})$
$\overline{\mathbb{Z}^{\infty^{+}}}=\{(m_{1}, m_{2}, \ldots, m_{\infty})|m_{1}\geq 0, m_{2}\geq 0, \ldots, m_{\infty}\geq 0\}$ ,
$m_{n}\in \mathbb{Z},$ $m_{n}>0$
$\sin(m_{n}\mu_{n}^{-d/2}\pi x_{n})$ $m\text{ }\in \mathbb{Z}$ , $m\text{ }\leq 0$ $\cos(m_{n}\mu_{n}^{-d/2}\pi x_{n})$
$m_{\infty}>0$ $\prod\sin(m_{\infty}\mu_{n}^{-d/2}\pi x_{n})$ $m_{\infty}\leq 0$
$\prod\cos(m_{\infty}\mu_{n}^{-d/2}\pi x_{n})$ ( $\overline{\mathbb{Z}^{\infty}}$
$(m_{1}, m_{2}, \ldots, \ldots, m_{\infty})$ mN\neq 0 $m_{n}=0,$ $n>N$ $N$
) $\overline{\mathbb{Z}^{\infty}}$ 1 1
$\nu$
$f(x)= \prod f_{n}(x_{n})$
$f_{n}(x_{n})=\sin(m_{n}\mu_{n}^{-d/2}\pi x_{n})$ , or $\cos(m_{n}\mu_{n}^{-d/2}\pi x_{n})$






$\mathrm{f}(x)$ $=$ $2^{-(\nu-N)/2}($detG$)^{-d/4}f(x)$ , case (i),
$\mathrm{f}(x)$ $=$ $2^{-N/2}($detG$)^{-d/4}f(x)$ , case (ii),
$\mathrm{f}(x)$ Hilbert





$\zeta(G, s)$ : $\triangle$ :
(7)
f|xn=-\mu nk/2=f|x $=\mu\approx^{z\mathit{2}}$ , $\frac{\partial f}{\partial x_{n}}|_{x_{n}=-\mu_{n}^{k/2}}=\frac{\partial f}{\partial x_{n}}|_{x_{n}=\mu_{n}^{k/2}}$ ,
$k\neq d$
$Q(k)= \{\sum x_{n}e_{n}||x_{n}|\leq\mu_{n}^{k/2}\}$ ,
$H^{-}$ (finite) [ 1‘ (k<d) $\mathrm{t}$ ‘ $(k>d)$ $\mathrm{A}\mathrm{a}$
$H$ $W^{k}$
( $\triangle$ $\triangle(k/2)$ )
$-\zeta$ ( $G$ , $d$)




(0 ) $\zeta(G, -d)$
( $m_{\infty}\neq 0$ ) (0
) $\mathbb{R}\mathrm{e}$




A $\cos(m_{n}\mu_{n}^{-d/2}\pi x_{n})+B\sin(m_{n}\mu_{n}^{-d/2}\pi x_{n})e_{n}$ ,
( $\gamma_{5}$ )





([2], [4] ) , $e_{2},$ $\ldots$ $\ovalbox{\tt\small REJECT}$
$e\sim m+e_{m}e_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}-2\delta_{\ovalbox{\tt\small REJECT},m}$
$e_{\infty}e_{n}=(-1)^{\nu-1}e_{n}e_{\infty}$ , $e_{\infty}^{2}=(-1)^{\nu(\nu-1)/2}$ ,






$t_{\infty}\neq 0$ $\lim_{narrow\infty}\sin\theta_{n}=1$ $\lim_{narrow\infty}\theta_{n}=\pi/2$
$\lim_{narrow\infty}\cos\theta_{n}=1$ $x= \sum$ xne $\in H$
$t_{\infty}=0$ $x\not\in H$
$\sin\theta_{1}\cdots\sin\theta_{n}=\frac{x_{n}}{||x||\cos\theta_{n}}$
$\theta_{n}=\pi/2+c\mu_{n}^{(d+k)/2}+o(\mu_{n}^{(d+k)/2})$ $x\in$ $W^{k’},$ $k’<k$
t ( $H$ ( ) $W^{k},$ $k>0$ $H^{-}$ (finite)
( $W^{k-0}$ (finite)
$W^{k-0}$ (finite) $=$ { $\sum x_{n}e_{n,k}|\lim\mu_{n}^{-d/2}x_{n}$ ecists},
$W^{k-0}$ (finite) $=W^{k-0}(0)\oplus \mathbb{R}\mathrm{e}_{k}$ ,
$W^{k-0}(0)= \{\sum x_{n}e_{n,k}|\lim\mu_{n}^{-d/2}x_{n}=0\}$ ,
$e_{n,k}=\mu_{n}^{-k/2}e_{n}$ , $\mathrm{e}_{k}=\sum\mu_{n}^{d/2}e_{n,k}$ ,
${\rm Re}_{k}$
$H$ $(t_{\infty})$ deter nant bundle





$xarrow W^{k-0}$ (finite), $k>0$ $||x||_{l}<\mathrm{o}\mathrm{o},$ $0\ovalbox{\tt\small REJECT} l<k$ $x$
$W’$
$x_{1}$ $=$ $||x||_{l}\cos\theta_{1,l},$ $x_{2}=||x||_{l}\sin\theta_{1,l}\cos\theta_{2,l},$ $\ldots$ ,
$x_{n}$ $=$ $||x||_{l}\sin\theta_{1,l}\cdots\sin\theta_{n-1,l}\cos\theta_{n.l},$ $\ldots$
$||x||_{l}=\sqrt{\sum\mu_{n}^{-2l}|x_{n}|^{2}}$
$\frac{d||x||_{l}}{dl}=\frac{-\sum(\log\mu_{n})\mu_{n}^{-2l}|x_{n}|^{2}}{||x||\iota}$ $(=||x||_{l}’)$ ,




0 $=$ $||x||_{l}’\cos\theta_{1,l}-||x||_{l}\sin\theta_{1,l}’$ ,
0 $=$ $||x||_{l}’\sin\theta_{1,l}\cos\theta_{2,l}+||x||_{l}\cos\theta_{1,l}\theta_{1,l}’\cos\theta_{2,l}-$
$-||x||_{l}\sin\theta_{1,l}\sin\theta_{2,l}\theta_{2,l}’$ ,
, . . . . . . ,







$\lim_{larrow 0}\theta_{n,l}’=\frac{||x||_{l}’(0)}{||x||}\frac{\cot\theta_{n}}{\sin^{2}\theta_{1}\cdots\sin^{2}\theta_{n-1}}$ , (15)
$x\in W^{l},$ $l>0$ $\sum\log\mu_{n}|x_{n}|^{2}$
$\langle\log G, ||x||^{2}\rangle$
$\lim_{larrow 0}\theta_{n.l}’=-\langle\log G, ||x||^{2}\rangle(\frac{\cos\theta_{n}}{x_{n}})^{2}\cot\theta_{n}$, (16)
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$l>0$ $H^{+}= \bigcup_{l>0}W^{l}$ (15) $x\in H^{+}$
$W^{+}$ $W^{l},$ $l>0$




$x= \sum x_{n}e_{n}\in H^{-}$ (finite) (9)
$x=y+t\mathrm{e},$ $t\in \mathbb{R},$ $y= \sum y_{n}e_{n}\in H^{-}(0)$ ,
$t=0(x=y)$ $\epsilon>0$ ( $|_{\sqrt}\mathrm{a}$ $\mu_{n}^{-d}|x_{n}|^{2}<$
$\epsilon/2|c|,$ $n>N$ $N$ $c={\rm Res}_{s=d}\zeta(G, s)$ $c\neq 0$
$\lim_{karrow 0}k(\sum_{n=1}^{N}\mu_{n}^{d+k}|x_{n}|^{2})=0$,
$k<\delta_{1}$ $|k( \sum_{n=1}^{N}\mu_{n}^{d+k}|x_{n}|^{2})|\leq\epsilon$ $\delta_{1}$
$\lim_{karrow+0}k(\sum_{n>N}\mu_{n}^{d+k})=\lim_{karrow+0}k\zeta(G, k+d)=c$
,









$=$ $\lim_{karrow+0}k|t|^{2}|\zeta(G, d+2k)|=\frac{1}{2}|t|^{2}|c|$ ,
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$\lim_{karrow+0}\sqrt{k}||x||_{-k}=\sqrt{\frac{|c|}{2}}|t|$ , (18)
$\mu_{1}\geq\mu_{2}\geq\ldots>0$ $s>d$ [ $\zeta(G, s)>0$
${\rm Res}_{s=d} \zeta(G, s)=\lim_{sarrow d+0}(s-d)\zeta(G, s)$ ,
$c\geq 0$ (18)
$\lim_{karrow+0}\sqrt{k}||x||_{-k}=\sqrt{\frac{c}{2}}|t|$ ,
$x\in H^{-}$ (finite) $W^{-k},$ $k>0$ $W^{-k}$




$x\in H$ $\lim_{karrow+0}\theta_{n,k}=\theta_{n}$ $x\not\in H$ (18)
$||x||_{-k}=O(k^{-1/2})$ $\lim_{karrow 0}\theta_{n,k}=\pi/2$ ,













$t_{\infty}= \lim_{narrow\infty}\frac{x_{n}}{||x||\cos\theta_{n}}$ $t\neq 0$ $t_{\infty}\neq 0$
$\text{ }_{arrow}’\lim_{karrow+0}k^{-1/2}||x||_{-k}t_{\infty}\#\mathrm{h}$
$\lim_{karrow+0}\frac{1}{\sqrt{k}}\frac{x_{n}}{\cos\theta_{n,k}}=\sqrt{\frac{2}{|c|}}|t|$ , (23)
(21) $\theta_{n,k}-\pi/2$ $k=0$ $C^{1/2}$ -class $t\neq 0$
$x_{n}=- \sqrt{\frac{2c}{\pi}}|t|\frac{d^{1/2}}{dk^{1/2}}(\theta_{n,k}-\frac{\pi}{2})|_{k=0}$ , (24)
$t\neq 0$ $\lim_{karrow 0}\theta_{n,k}=\pi/2$ $x=|y+t\mathrm{e}$ (
(24)
$\frac{d^{1/2}}{dt^{1/2}}(\theta_{n,k}-\pi/2)|_{k=0}$ , $n=1,2,$ $\ldots$ ,
( )
(18), (19) $H^{-}$ (finite)
3 $((G, s)$ $\zeta$ ( $G$ , $d$) $\{H, G\}$
( $G$ $D$ $\zeta$ ( $G$ , $d$ ) $D$
( ) ) $\theta_{n,l}-\pi/2\ovalbox{\tt\small REJECT}\mathrm{h}l$ $l=0$ 1/2
([5], [6] ) $\zeta(G, s)$
$\{H, G\}$ ( 2 ’ $(G, 0)$
)
Connes spectral triple $(A, H, D)$ $D^{-1}$
$\zeta_{b}(s)=Tr(b|D|^{-s})$
$A,$ $[D, A]$ $|D|^{z},$ $z\in \mathbb{C}$ $P$
${\rm Res}_{z=0}Tr(P|D|^{z})$ cyclic cocycle
([10], [ ]) $A$ $H$ $((D, s)$
$\zeta$-
$H$ ([13] )
, $\{H, G\}$ $H$
determinant bundle ( $H$
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) ([5], [6] ) Laplacian I
$H$









$\mathbb{R}\mathrm{e}_{+}\oplus \mathbb{R}\mathrm{e}_{-}$ (2- ) $H_{+}$ $H_{-}$
$\mathcal{F}$
$\mathbb{R}\mathrm{e}_{+}\oplus \mathbb{R}\mathrm{e}_{-}$
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